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it is not entirely true, that no easy factorisation exists,
over the complex numbers one is immediate: 𝑥2 + 13 =
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at the international competition EUCYS. The second pro- come. In particular they tried considering number theject placed third at the competition and won the ”České oretic of complex roots of polynomials over the integers,
hlavičky” award. Apart from SOČ, Zdeněk has represen- or rather extensions of ℚ containing these numbers. It
ted the Czech Republic in olympiad mathematics - he has turns out that studying the ideals in certain subrings of
won a bronze and a silver medal at the Middle European these number fields is the way to proceed. Indeed, it is
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bee
with the rings themselves, which mostly do not admit
unique factorisation. In what is a beautiful connection
of those two concepts, we introduce the ideal class group,
which neatly connects both concepts and provides the fiExplanation for general audience
nal piece of the puzzle allowing us to solve equations by
factoring in fields containing, say, the square-root of −13.
The article focuses on a branch of mathematics called ’algebraic number theory’ and in particular its applications
in elementary number theory - solving hard diophnatine
equations. Let’s back up a bit.
When working with integers, we often make use of either
modular arithmetic or their unique factorisation into
primes. The crown jewels of modular arithmetic are
quadratic residues, which allow for more advanced discussions concerning divisibility over the integers. Theorems such as Euler’s criterion then allow us to quickly
decide when a given diophantine equation has no integer
solutions - simply find a modulus under which no solutions exist. These basic methods can, however, get us
only so far. Take an equation such as 𝑥2 + 13 = 𝑦3
for an example. It has an integral solution for 𝑥 = 70,
so a solution modulo every integer, and no obvious way
to factor presents itself. So how do we proceed? Well,
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