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Explanation for general audience
Randomness from a mathematical point of view is a
tricky and challenging term to define, though each of us
has a slight intuition of what it should be. In fact, it is still
a question of whether there even exists a source of true
randomness. Hence, we rather use the term pseudorandomness, which captures something difficult, but not impossible, to predict. For scientific purposes we are mostly
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these can be used in computer science for randomized
algorithms, which are often faster than normal ones, or,
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1 Introduction
Pseudorandom sequences, as the name suggests, are sequences which seem to be randomly generated so that
one cannot easily predict their terms. The problem of
generating such sequences is more challenging than it
seems at first sight, since a source of randomness is difficult to find. So, in order to obtain a pseudorandom sequence, recursive functions with as randomly chosen initial value as possible are used, generated, for example,
with TRNG (True Random Number Generator). These
in turn are applied in cryptography or randomized algorithms, such as Monte Carlo methods, which often enable us to solve a problem faster than with a deterministic
algorithm.
Many pseudorandom generators have been developed
and there are many parameters that affect the pseudorandom sequences they produce, e.g., period of distribution
of values. Well-known examples of such pseudorandom
generators are linear congruential generator, quadratic
congruential generator or linear-feedback shift register.
Linear congruential generators are fast generators with
long periods, but they are easy to break, so they are not
appropriate for security algorithms. Quadratic congruential generators work similarly and one can find them, for
instance, in the Pollard’s 𝜌 method for factoring integers.
More details can be found in [1].
J. ASB Soc., 2021, 2(1), 36-42

In this text, we will study quite a new approach for generating a pseudorandom sequence [2]. After explaining
necessary concepts such as the Möbius function and finite fields in Section Preliminaries, the pseudorandom sequence will be introduced. Before diving into inspection
of the sequence, we will describe the methodology used.
Two tests in turn will be applied to the sequence: the frequency test and autocorrelation. We will then find interesting properties of these sequences, especially of those
generated over 𝔽3𝑛 such as its terms distribution or a symmetry of halves of the sequences.

2

Preliminaries

2.1

The Möbius Function

Definition 2.1. The Möbius function 𝜇 ∶ ℕ ↦ ℤ is
defined as
𝜇(𝑛) =

1
⎧
⎪0

⎨(−1)𝑘
⎪
⎩

for 𝑛 = 1,
if ∃𝑑 ∈ ℕ, 𝑑 > 1 ∶ 𝑑 2 |𝑛,
otherwise, where 𝑘 is the number
of distinct primes dividing 𝑛.

For the purposes of this text, the definiton of the
Möbius function is restricted to the numbers from ℤ𝑛 =
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{0, 1, … , 𝑛 − 1} for a fixed 𝑛. The only difference is that 𝜇
is defined for 0 ∈ ℤ𝑛 as 𝜇(0) = 0.

2.2 Fields

𝛼 ∈ 𝐿 is algebraic over a field 𝐾 if there exists a nonconstant polynomial 𝑓 ∈ 𝐾[𝑥] having 𝛼 as a root. Then
the field extension 𝐿 ∶ 𝐾 is said to be algebraic if every
element 𝛼 ∈ 𝐿 is algebraic over 𝐾.

Remark 1. Note it is necessary to specify over what field
We now introduce the field theory [3, 4], which is crucial is 𝛼 ∈ 𝐿 algebraic. Otherwise, we may have problems
for further concepts in the text, especially when we will with ambiguity.
talk about finite fields, that are fundamental for generating pseudorandom sequences. We start with the definion If we were to find a polynomial 𝑓 ∈ 𝐾[𝑥] for an algebraic
element 𝛼 ∈ 𝐿 with 𝑓(𝛼) = 0, we could choose the minof a field:
imal polynomial of 𝛼 over 𝐾, from which the other such
Definition 2.2. A set 𝔽 together with binary operations polynomials can be generated.
(+, ⋅) on 𝔽 is said to be a field if
Definition 2.4. Let 𝛼 ∈ 𝐿 be algebraic over 𝐾. The min1. (𝔽, +) is an additive Abelian group with the neutral imal polynomial 𝑚𝛼 ∈ 𝐾[𝑥] of 𝛼 is a nonzero monic polynomial of the least possible degree satisfying 𝑚𝛼 = 0.
element 0,
2. (𝔽∗ , ⋅), where 𝔽∗ = 𝔽∖{0}, is a multiplicative Abelian
group with the neutral element 1,
3. ∀𝑎, 𝑏, 𝑐 ∈ 𝔽 ∶ 𝑎 ⋅ (𝑏 + 𝑐) = (𝑏 + 𝑐) ⋅ 𝑎 = 𝑎𝑏 + 𝑎𝑐.

Minimal polynomials are unique and turn out to be useful when studying finite field extensions of a field 𝐾, i.e.,
fields of the form 𝐾(𝛼1 , 𝛼2 , … , 𝛼𝑛 ). These are exactly the
field extensions 𝐿 ∶ 𝐾 for which 𝐿 = 𝐾(𝛼1 , 𝛼2 , … , 𝛼𝑛 ),
where 𝛼𝑖 ∈ 𝐿 for 1 ≤ 𝑖 ≤ 𝑛 are algebraic over 𝐾. We will
now focus on simple field extensions – field extensions
𝐿 ∶ 𝐾 of the form 𝐿 = 𝐾(𝛼), where 𝛼 is algebraic over 𝐾.
The following theorem is an important result about the
extensions:

A subset 𝐾 of 𝔽 together with binary operations (+, ⋅) is
said to be a subfield of (𝔽, +, ⋅), denoted by 𝐾 ⊆ 𝔽, if
(𝐾, +, ⋅) is a field with the binary operations (+, ⋅) restricted to 𝐾. Futhermore, there exists a minimal subfield,
called prime field, of 𝔽 which is a subfield 𝐾 of 𝔽 that satisfies 𝐾 ⊆ 𝐸 for every subfield 𝐸 of 𝔽.
Theorem 2.1. Let 𝛼 ∈ 𝐿 be algebraic over 𝐾. Then
𝐾(𝛼) ≅ 𝐾[𝑥]/⟨𝑚𝛼 ⟩,

Every field has a special property called characteristic:

Definition 2.3. The characteristic of the field 𝔽 is the
where 𝑚𝛼 ∈ 𝐾[𝑥] is the minimal polynomial of 𝛼.
smallest 𝑛 ∈ ℕ for which the following holds:
𝑛 ⋅ 1 = 1⏟⎵
+⎵1⎵⏟⎵
+ ⋯⎵⎵⏟
+ 1 = 0,
𝑛

2.4

Finite fields

where 1 is the neutral element of (𝔽∗ , ⋅). In the case such As already mentioned, finite fields are those of finite cara number does not exist, the characteristic of the field 𝔽 dinality, thus having a prime characteristic 𝑝. To be more
equals 0.
specific, the number of elements of a finite field 𝔽𝑞 always
equals a natural power of the prime 𝑝, i.e., |𝔽𝑞 | = 𝑝𝑛 for
Based on the characteristic char 𝔽 of a field 𝔽, two types some 𝑛 ∈ ℕ. Moreover, with the help of the polynomial
𝑛
of a prime field 𝑃 ⊆ 𝔽 are possible: if char 𝔽 = 𝑝, then 𝑥𝑝 − 𝑥 ∈ 𝔽𝑝 [𝑥] we can show it is also true that there
𝑃 = 𝔽𝑝 ≅ ℤ/𝑝ℤ, otherwise 𝑃 ≅ ℚ.
exists a finite field for every natural power of an arbitrary
prime number.

An arbitrary element 𝛼 of a finite field 𝔽𝑞 is a root of the
polynomial 𝑓(𝑥) = 𝑥𝑞 − 𝑥 ∈ 𝔽𝑝 [𝑥], which follows from
Let 𝔽 be a field and 𝐾 its subfield. Then 𝔽 is called a field Fermat’s Little Theorem. When considering a factorizaextension of 𝐾, symbolically 𝔽 ∶ 𝐾. In principal, talk- tion of this polynomial over 𝔽𝑞 , we obtain
ing about field extensions is similar to talking about subfields, but more emphasis is laid on the ”larger” field 𝔽.
𝑥𝑞 − 𝑥 = ∏ (𝑥 − 𝑎).
𝑎∈𝔽𝑞
This notion is useful when the field 𝔽 is considered as a
vector space over 𝐾.
This leads to an idea of what the splitting field of 𝑥𝑞 − 𝑥
Proposition 2.1. Let 𝔽 ∶ 𝐾 be a field extension. Then 𝔽 is over 𝔽𝑝 might look like:
a vector space over 𝐾.
Theorem 2.2. Let 𝑞 = 𝑝𝑛 , where 𝑝 is prime and 𝑛 ∈ ℕ.
The
splitting field of the polynomial 𝑓(𝑥) = 𝑥𝑞 −𝑥 ∈ 𝔽𝑝 [𝑥]
When speaking of a field extension 𝔽 ∶ 𝐾, the term deis
𝔽
𝑞 , a finite field with 𝑞 elements.
gree of 𝔽 ∶ 𝐾, designated by [𝔽 ∶ 𝐾], is used to denote
the dimension of the vector space 𝔽 over 𝐾.
Corollary 2.1. There exists a finite field of order |𝔽 | = 𝑝𝑛

2.3 Field extension

𝑝𝑛

Let’s now focus on particular types of field extensions, for any prime 𝑝 and 𝑛 ∈ ℕ. The finite field is unique up to
namely on so-called algebraic extensions [5]. Recall that isomorphism.
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From now on, finite fields will be denoted by 𝔽𝑝𝑛 as we
have already seen that these are the only possible ones.
So far, we have no clue of what a finite field might look
like. The construction of the finite field 𝔽𝑝𝑛 is simple but
uses the fact that we can always find an irreducible polynomial over 𝔽𝑝 of any degree. (We will come back to this
issue later in this section).

where 𝑠𝑖 ∈ 𝑆, and

𝑠𝑖 = 𝑓(𝑠𝑖−1 ).

What makes this sequence seem pseudorandom? The
pseudorandmness of a sequence is judged by some randomness tests. There are many of such tests, including
cross-correlation and autocorrelation, which are further
The construction is as follows: we take the field 𝔽𝑝 and
explained later in this section.
an irreducible polynomial 𝑓 ∈ 𝔽𝑝 [𝑥] of degree 𝑛 ∈ ℕ.
The quotient ring 𝐾 = 𝔽𝑝 [𝑥]/⟨𝑓⟩ turns out to be a field.
Moreover, every element 𝑔 ∈ 𝐾 can be uniquely repres- 2.6 Autocorrelation and cross-correlation
ented as

∞
Imagine we take two sequences 𝐴 = {𝑎𝑖 }∞
𝑖=0 , 𝐵 = {𝑏𝑗 }𝑗=0
with a period 𝑝 ∈ ℕ. The measure of how sequences
𝑔 = 𝑎𝑛−1 𝜃
+ 𝑎𝑛−2 𝜃
+ ⋯ + 𝑎0 ,
𝐴, 𝐵 are dependent on each other can be computed by
where 𝑎𝑖 ∈ 𝔽𝑝 for 1 ≤ 𝑖 < 𝑛 and 𝜃 ∈ 𝐾 is a root of 𝑓.
the cross-correlation of these sequences, where by deTheir subfields, also finite fields, must therefore be of the pendency we mean to what extent one can predict one
same form 𝔽𝑝𝑚 , moreover, the statement below gives us sequence from the other.
a restriction on 𝑚:
The autocorrelation of a sequence 𝐴 is then defined as the
Proposition 2.2. Every subfield of the finite field 𝔽𝑝𝑛 is a cross-correlation of 𝐴 and a shifted sequence 𝐴𝑥 of 𝐴, say
∞
finite field of the form 𝔽𝑝𝑚 such that 𝑚|𝑛. Conversely, there 𝐴𝑥 = {𝑎𝑖+𝑥 }𝑖=0 , giving us a measure of how the elements
of the sequence 𝐴 are dependent on one another.
exists a unique subfield 𝔽𝑝𝑚 of 𝔽𝑝𝑛 whenever 𝑚|𝑛.
𝑛−1

𝑛−2

So far, the question of what a finite field looks like has
not been answered. We will now take a closer look at
individual groups of the finite field 𝔽𝑝𝑛 which will further
allow us to study polynomials over a finite field [6].

3

Pseudorandom sequence generated over 𝔽𝑝𝑛 using the Möbius
function

Starting with the additive group of 𝔽𝑝𝑛 , it is easy to see
that (𝔽𝑝 , +) is cyclic. The multiplicative group (𝔽𝑝∗ , ⋅) happens to be cyclic as well [4]. For that reason, we can find 3.1 Prerequisites
a generator, also called primitive element, 𝛼 ∈ 𝔽𝑝∗𝑛 of the
group, and with the help of the minimal polynomial of 𝛼 In order to generate a sequence over a finite field 𝔽𝑝𝑛 usover 𝔽𝑝 we can prove the following proposition.
ing the Möbius function, the definition of the Möbius fuction needs to be reformulated for 𝔽𝑝 :
Proposition 2.3. There exists an irreducible polynomial
over 𝔽𝑝𝑛 for every 𝑚 ∈ ℕ .
Definition 3.1. The Möbius function 𝜇 ∶ 𝔽𝑝 ↦ ℤ,
defined for fixed representatives of 𝔽𝑝 = {0, 1, … , 𝑝 −
This proposition and the fact that 𝔽𝑝∗𝑛 is cyclic allow us 1}, assigns to every element 𝔽𝑝 a number from the set
now to define a primitive polynomial, which is of great {−1, 0, 1} according to the following rules:
importance in this text:
1
for 𝑛 = 1,
⎧
Definition 2.5. The minimal polynomial of some prim⎪0
if 𝑛 = 0 or ∃𝑑 ∈ ℕ, 𝑑 > 1 ∶ 𝑑 2 |𝑛,
𝜇(𝑛) =
itive element 𝛼 ∈ 𝔽𝑝𝑛 of the multiplicative group of 𝔽𝑝𝑛
⎨(−1)𝑘 otherwise, where 𝑘 is the number
⎪
over 𝔽𝑝 is called a primitive polynomial.
⎩
of distinct primes dividing 𝑛.

The algorithm for generating the sequence uses the fact
that we can obtain all non-zero elements of the field 𝔽𝑝𝑛 ,
Before we explain generating a pseudorandom sequence as the theorem below suggests:
over a finite field using the Möbius function, it is neces- Theorem 3.1. Let 𝔽 𝑛 be a finite field and 𝑓 a polynomial
𝑝
sary to briefly introduce what is meant by a pseudoran- over 𝔽 . Then 𝑓 is a primitive polynomial if and only if:
𝑝
dom sequence in this text. Simply said, a pseudorandom
𝑛
sequence is a sequence which seems randomly generated
𝑥𝑝 −1 ≡ 1 (mod 𝑓(𝑥))
to us.
𝑥𝑖 ≢ 1 (mod 𝑓(𝑥)) for 1 ≤ 𝑖 < 𝑝𝑛 − 1.
Let 𝑆 be a finite nonempty set of input values, 𝑉 a set of
output values, and 𝑓 ∶ 𝑆 ↦ 𝑆, 𝑔 ∶ 𝑆 ↦ 𝑉 functions.
To transform the elements of 𝔽𝑝𝑛 into the values that can
Then the pseudorandom sequence {𝑣 𝑖 }𝑛𝑖=0 is obtained by:
be used for the Möbius function, one more step is needed.
We apply the trace function Tr ∶ 𝔽𝑝𝑛 ↦ 𝔽𝑝 to an element
𝑣 𝑖 = 𝑔(𝑠𝑖 ),
𝑋 ∈ 𝔽𝑝𝑛 , where

2.5 Pseudorandom sequences
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𝑛−1

4

Tr(𝑋) = ∑ 𝑋 𝑝 .
𝑖=0

𝑖

4.1

Analysis of the sequences
Methodology

Two statistical tests were applied to the sequences in orIt can be shown that Tr always maps an element 𝛼 ∈ 𝔽𝑝𝑛 der to study their pseudorandomness: the frequency test
to an element of the prime field 𝔽𝑝 , hence the map is well and autocorrelation. We also implemented each of these
defined. Apart from this property, it can be shown, with tests in SageMath 8.6 [8].
the help of Vandermonde matrix, [7], that the trace function is an onto linear map.
4.1.1 The frequency test
The frequency test calculates the number of appearances
of each of the values in {−1, 0, 1} in the obtained se3.2 Generation process
quence. This test mainly focuses on how the sequence
is uniformly distributed. Here, after generating several
We are ready to introduce the algorithm for generating sequences, it was used to count the number of individual
the sequence which is examined in this text.
values from the set {−1, 0, 1} in the sequences, especially
the number of 0’s.
Algorithm 1: Generating a pseudorandom sequence
over a finite field 𝔽𝑝𝑛 using the Möbius function.

1:
2:
3:
4:
5:

4.1.2 Autocorrelation
• Input: Prime 𝑝 > 2, natural number 𝑛.
In the case of a sequence 𝒮 = {𝑠𝑖 } of length 𝐿 = 𝑝𝑛 − 1
• Output: Pseudorandom sequence of elements
generated by the algorithm, the autocorrelation ℛ𝑥 (𝒮) of
from the set {−1, 0, 1}.
Choose arbitrarily a primitive polynomial 𝑓 ∈ 𝔽𝑝 [𝑥] 𝒮 is given by:
of degree 𝑛. Let 𝔽𝑝𝑛 = 𝔽𝑝 [𝑥]/⟨𝑓⟩.
𝐿−1
Take a primitive element 𝛼 of the multiplicative
ℛ𝑥 (𝒮) = ∑ 𝑠𝑖 𝑠𝑖+𝑥 .
group of 𝔽𝑝𝑛 and evaluate 𝑋𝑖 = 𝛼𝑖 for 0 ≤ 𝑖 < 𝑝𝑛 − 1.
𝑖=0
Compute 𝑥𝑖 = Tr(𝑋𝑖 ) ∈ 𝔽𝑝 for every element 𝑋𝑖 ,
0 ≤ 𝑖 < 𝑝𝑛 − 1.
Compute 𝑠𝑖 = 𝜇(𝑥𝑖 ) for 0 ≤ 𝑖 < 𝑝𝑛 − 1.
4.2 Results of the frequency test
Output: the sequence 𝒮 = {𝑠𝑖 }.
When applying the frequency test to various fields, we are
presented with Table 2:

For example, the sequence for 𝔽32 and primitive polynoNote that the only fields over which the generated semial 𝑓(𝑥) = 𝑥2 + 𝑥 + 2 is shown below:
quence seems uniformly distributed are 𝔽3𝑛 . This idea
led us to prove Theorem 4.1.

Table 1: Sequence generated over 𝔽32 using the Möbius function with primitive polynomial 𝑓(𝑥) = 𝑥2 + 𝑥 + 2
Theorem 4.1. Sequences generated over a finite field 𝔽𝑝𝑛

1
−1

2
1

𝛼
−1

2𝛼
1

𝛼+1
1

𝛼+2
0

2𝛼 + 1
0

2𝛼 + 2
−1

The first row of the table shows us elements of the field 𝔽32 in order
how they are generated. The second row contains corresponding
values of the elements in the resulting sequence.

3.3 Properties of the sequence

using the Möbius function are not uniformly distributed
whenever 𝑝 ≠ 3.

Proof. Supposing that 𝑝 > 3, we prove that the number
of occurrences of 0 in the sequence is larger than it should
be for the sequence to be uniformly distributed. In other
words, we prove that the probability for a term of the se1
quence to be 0 is larger than .
3

First, we look at the the probability that a randomly
chosen number is not divisible by any square of a prime.
𝑝. The aforemenAccording to [2], the sequence has a period equal to 𝑝𝑛 −1 Let 𝑝1 , 𝑝2 , ⋯ , 𝑝 𝑘 be less than the given
1
which is maximal, since there are exactly 𝑝𝑛 −1 elements tioned probability is equal to 1 − 𝑝2 and, since all primes
𝑖
in 𝔽𝑝∗𝑛 . As we can see, two parameters affect the structure are mutually coprime, for 𝑝 → ∞ the probability yields:
of the resulting sequence: the choice of a finite field 𝔽𝑝𝑛
−1
∞
∞
and the primitive polynomial 𝑓(𝑥) ∈ 𝔽𝑝 . The latter re1
1
1
6
𝑃 = ∏ (1 − 2 ) = ∏ (
=
= 2,
)
−2
arranges the elements of the resulting sequence but does
𝜋
𝜁(2)
𝑝
1
−
𝑝
𝑖
𝑖
𝑖=1
𝑖=1
not change, for instance, the frequency of individual values, which does the former. Other properties are shown In the formula above, Euler’s zeta function 𝜁 was used.
in the results section and also in [2].
Hence, the probability a number is divisible by a square
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Prime field
𝔽𝑝

𝔽3
𝔽5
𝔽7
𝔽11
of a prime is:

Table 2: Frequency of individual terms of 𝒮

2
0
2
9
13
43

−1
3
10
21
44

(1 − 𝑃) >

1
3
5
14
33

−1
9
50
147
484

3
0
8
49
97
483

Degree of field extension
4
1
−1
0
1
9
27
26
27
25
250
249 1250
98
1029 685
686
363 5324 5323 3993

1
.
3

4.3

0.50
0.45

1
81
81
4802
43923

Results of autocorrelation

15
10
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The graph in Fig. 2 illustrates the autocorrelation of the
field 𝔽33 :

Autocorrelation

Ratio of square-free numbers in the sequence

From this, we can conclude that the theorem is true for
sufficiently large primes. The actual probability is displayed in Fig. 1. below. The probability can be seen to
1
lie in the vicinity of for smaller primes, however, these
3
can be verified by simply counting the occurrences, since
there are only finitely many of them.

−1
81
1249
7203
58564

0

200

400
600
Characteristic 𝑝

800

1000

Figure 1: Ratio of 0’s in sequences generated over fields with
characteristic 𝑝, which can be equivalently expressed as the
number of square-free elements of 𝔽𝑝 .
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Shift 𝑥

15

20

25

Figure 2: Autocorrelation for the sequence generated over 𝔽33
using the Möbius function as a function of a shift 𝑥, the shift
from the original sequence.

As we can see in Fig. 2, two peaks of opposite sign arise:
for shifts 𝑥 = 0 and 𝑥 = 13, which is the middle of
the sequence. The value of autocorrelation is 0 for every
shift 𝑥 not equal to 0 or 13, therefore, the elements generated in these two parts of the sequence are independently
chosen. The first peak tells us that the sequence correlates with itself, however, the second peak suggests only
half of the sequence is originally generated, whereas the
second half is dependent on it.

We could just count the number of times the Möbius function maps an element 𝔽𝑝𝑛 to −1, 0, and 1, since the follow- What has just been said is true even for other fields 𝔽3𝑛 .
Furthermore, we proved that not only is the second half
ing holds [7]:
dependent on the first half but also managed to describe
what
the second half looks like:
Theorem 4.2. Let 𝔽𝑝𝑛 be a finite field and 𝔽𝑝 its prime field.
𝑛−1
Then exactly 𝑝
elements are mapped by Tr ∶ 𝔽𝑝𝑛 ↦ 𝔽𝑝
Theorem 4.3. Let 𝒮 = {𝑠𝑖 } be a sequence generated over
to each element of 𝔽𝑝 .
𝔽3𝑛 using the Möbius function. If 𝐿 = 3𝑛 − 1 denotes the
length of 𝒮, then 𝑠𝑘 = −𝑠𝑘+ 𝐿 for every 𝑘 ∈ ℕ0 .
Moreover, the observation that over 𝔽3𝑛 each value from
2
{−1, 0, 1} occurs the same number of times, follows from
Theorem 4.2 and the behaviour of the Möbius function. Proof. We first prove that any primitive element 𝛼 of the
Corollary 4.1. Exactly 3𝑛−1 elements of 𝔽3𝑛 are mapped
by Tr ∶ 𝔽3𝑛 ↦ 𝔽3 to each element of {−1, 0, 1}.
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multiplicative group of the field 𝔽𝑝𝑛 with 𝑝 > 2 satisfies
𝛼+𝛼

𝑝𝑛 +1
2

= 0. The polynomial 𝑥2 +1 ∈ 𝔽𝑝 [𝑥] has exactly
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two roots in 𝔽𝑝𝑛 , namely 1 and −1. Notice that
(𝛼

𝑝𝑛 −1
2

2

) − 1 = 𝛼𝑝

𝑛 −1

corresponding to the half of the sequence, the sequence
was no longer originally generated.

− 1 = 0.

The main contribution of this text is the analysis given
by the frequency test and autocorrelation, which supplemented [2] with the results about distribution of the val𝑝𝑛 −1
ues of sequences, and mainly about potentially most apNow 𝛼 2 ≠ 1 since 𝛼 is a primitive element therefore,
propriate, at least according to this text, fields 𝔽3𝑛 .
𝑝𝑛 −1
𝛼 2 = −1. This leads us to the equality:
𝛼+𝛼

𝑝𝑛 +1
2

= 𝛼 (1 + 𝛼

𝑝𝑛 −1
2

) = 0.

Generalizing the equality for every 𝑘 ∈ ℕ gives us:

6

Conclusion

We reach the conclusion that the sequence generated
over fields 𝔽3𝑛 always produce a sequence with equal
𝛼𝑘 + 𝛼
= 𝛼𝑘 (1 + 𝛼
(1) amounts of every value from {−1, 0, 1}. This requirement
) = 0.
is necessary for sequences’ uniform distribution, which
is relevant when trying to obtain a good pseudorandom
Plugging 𝛼𝑘 into Tr(𝑥) and using property (1) yields:
sequence. Other results about such sequences over 𝔽3𝑛
are also shown with the help of autocorrelation. More
𝑖
𝑝
𝐿−1
𝐿−1
𝑝𝑛 −1
specifically, we prove the first half of the sequences gen𝑘+
𝑘
𝑘 𝑝𝑖
2 )
Tr(𝛼 ) = ∑ (𝛼 ) = ∑ (−𝛼
.
erated over 𝔽3𝑛 is identical to the second half except for
𝑖=0
𝑖=0
signs of the values. In this case, the autocorrelation peaks
𝑘
In our case, 𝑝 = 3, and since 𝑝 is odd, we have Tr(𝛼 ) = at only two points and is zero for the remaining shifts,
𝑝𝑛 −1
thus we conclude that only values in the first half of
𝑘+
2 ).
−Tr (𝛼
the sequence are originally and independently generated.
Though
this may seem to be a weakness, it can be poThe values of the Möbius function of elements 0, 1, 2 ∈
tentially
used as a tool for authenticating the sequence
𝔽3 are:
as one half of the sequence determines the other. In addition, the performance can be increased by generating
𝜇(0) = 0 ,
only one half.
𝜇(1) = 1 ,
The result about autocorrelation could be extended and
𝜇(2) = −1 .
examined further, in particular, we could ask whether sequences generated over 𝔽3𝑛 always yield zero autocorrelHence, only two outcomes are plausible:
ation. It might also be interesting to try to improve the
𝑝𝑛 −1
uniformity of distribution of the values, hence the ran𝑘+
𝑘
2 )) = 0
𝑠𝑘 = 𝜇 (Tr (𝛼 )) = 0 ⇒ 𝑠𝑘+𝐿/2 = 𝜇 (Tr(𝛼
domness of sequences over other fields.
𝑝𝑛 −1
𝑘+
2

or

𝑠𝑘 = 𝜇 (Tr (𝛼𝑘 )) = ±1

⇒

𝑝𝑛 −1
2

𝑠𝑘+𝐿/2 = 𝜇 (Tr (𝛼

5 Discussion

𝑘+

𝑝𝑛 −1
2

)) = ∓1.

Abbreviations

Natural numbers including zero will denoted by ℕ0 . Finite fields ℤ/𝑝ℤ will be denoted by 𝔽𝑝 and whenever we
say the characteristic of a field is 𝑝, we mean 𝑝 prime
number. If not indicated otherwise, 𝐾, 𝐿 are fields and
𝐿 ∶ 𝐾 is a field extension.
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